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I. Introduction

It is known that the operator (left) inverse to the Riesz potential operator
1 d
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where v, (a) = is the well known normalizing constant, has the form of a

hypersingular integral, see Samko [1], [4] or Samko, Kilbas and Marichev [1], Section 26.
Namely,

1 (Ag f) (x)
IV f=Df = / Y dy , a>0, 1.2
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where (Ag f) (z) is a centered or non-centered finite difference and d,, ;(c) is some normal-
izing constantes, see details in Samko [4] or Samko, Kilbas and Marichev [1], Section 26.
This integral, known also as the Riesz fractional derivative, is treated as the limit

Df .= lin(l)]D)“f ) (1.3)
where (A’Zf)( )
1 T
D?f——/ ~ P Cdy, a>0. (1.4)
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More generally, a potential type operator of the form

Kﬁgpz/}%nw(y>wdy a >0, (1.5)

iyl ly|"—

with a sufficiently smooth homogeneous characteristic w (ﬁ) is known to be inverted in

the so called elliptic case by means of the hypersingular construction

(I°)'f = Da f :AQ(%) %dy, a>0, (1.6)

where the characteristic @ of the hypersingular integral (1.6) can be effectively computed
via the characteristic w of the initial potential operator K&, see Samko [3]. See also the
book Samko, Kilbas and Marichev [1], Sections 27-28, and the surveying paper Samko
[5] for more other types of potential operators, when hypersingular constructions may be
applied for inverting these operators.

Recently some other approach was also developed for inverting potential type, based
on the idea of approximative inverse operators (called sometimes the method of AIO), see,
for example, the papers Zavolzhenskii and Nogin [1]-[4], Nogin and Sukhinin [1], Sukhinin
[1] and the surveying papers Samko [5] and Nogin and Samko [3]. This method gives an
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inverse operator as a limit of "nice” operators, one of advantages of this approach being in
the fact that it allows to avoid usage of finite differences of the right-hand side f(z) in the
construction of the inverse operator.

The main idea of the method of AIO is the following. The problem to invert this or
that convolution operator Ay = a * ¢ reduces to multiplication of the Fourier transform

of a function ¢ by the reciprocal % of the Fourier transform of the kernel a(x). This
reciprocal, in case of potential operators, increases at infinity. We may introduce some

"nice” factor m.(¢) depending on &, so that TZ‘(S) vanishes at infinity (and at some other

set, if necessary) and then return to Fourier pre-images and calculate the corresponding
convolution (A7!), = F ’1726(—2?F @ as an operator depending on e. This is the initial idea
of the method of AIO, which should be accomplished by the justification that this will
really generate the inverse operator as ¢ — 0 in the space under consideration. The usual
approach was based on a "nice” choice of such a factor m.(¢) in Fourier transforms, which
provides an inverting e-dependent kernel in Fourier pre-images as a result of calculation. In
concrete cases this kernel is usually expressed in terms of these or those special functions.

In this paper we give a further development of some ideas of this approach and present
a new glance at its application. The main difference in comparison with what was done
before, is the opposite approach in the sense that we wish to choose a "nice” kernel directly
on functions f(z) themselves, not in Fourier transforms, therefore, not worrying about
simplicity of the Fourier transform of this kernel. It goes without saying, that the simplicity
of the kernel itself should be a final goal.

We demonstrate such a possibility of a construction of a ”nice” kernel by our will in
the case of the Riesz potential operator (1.1).

II. Preliminaries

We remind some formulas for the Riesz transforms. Let

(Ff)©) = fle) = / e f(2)de

n

be the Fourier transform of a function f(x). It is known that

F(gfey = 2 2.1

() = Tl 2.1)

for all @ € C except for &« = n + 2k and a« = —2k, k € N, where the Fourier transform is
understood in the sense if distributions. Hence

[P for an
F(I%) = G (&) and  F(D%) = [€]*P(¢) - (2.2)
For a radial function f = ¢(|z|) the following Bochner formula is valid
. 27 % ° n

[ eetiabas = 225 [T ot g lehas (2.3
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under the assumption that the integral in the right-hand side converges, J%,l(z) being the
Bessel function.
For the Wiener ring

Wo = Wo(R") = {f : f(§) = @(&), »(z) € Li(R")} (2.4)

of Fourier transforms of L;-functions the following statement is valid (see, e.g. Samko [4]).
Lemma 2.1. Let f(x) € Li(R™). If f(x) has the mized derivatives D’ f € L,(R"™) for
all j € {0,1}",5 #0, , where 1 < p <2, then f(x) € Wo(R") and

fllwe < {1+ D2 1D Fl

J €{0,1}"

with ¢ > 0 not depending on f .
We also note the following obvious boundedness of the operator I*:

I* . Li(RY) — Lq<R”; (1+ |xy)*A) . 0<Ra<n, (2.5)

where 1 < g < ", A>n—(n—a)q.

For the hypersingular integral operator (1.3) the following fractional ”integration by
parts” formula holds, in which W;”(R"), 1 <p<oo,meN, is the Sobolev space of func-
tions f(z) € L,(R™), which have all the distributional derivatives D’ f(z) € L,(R"),0 <
|7] < m. In the case p = oo, by WZ(R") = BC™(R") we understand the space of functions
on R" which are differentiable in the usual sense up to order m and have all the bounded
derivatives D7 f(x),0 < |j] < m.

Lemma 2.2. Let f(z) € W)*(R"), 1 <p < oo,m > «, and let k(x) € Ly(R") and
admit (D*k)(z) = lim (D2k)(x). Then the formula of "integration by parts” is valid:

(L)

(D%, f) = (k,Df) .

Proof. Indeed, the equality (D%k, f) = (k,D%f) is obvious. It remains to pass to the
limit as € — 0 which is possible, by the well-known propertes of finite differences, see for
example, Samko, Kilbas and Marichev [1], formula (26.20), and by the assumption on k().
[

Lemma 2.3. Let f(z) € Li(R") and 27 f(z) € L1(R"),0 < |j| < a. Then for any
e>0

M) = [ =0,

Proof. Evidently,

1 dy ~—~, it e
M) = [ e V() [ st e

y|>e |y =0



the interchange of the order of integration being valid by the Fubini theorem. Hence, the
change of variable » — ky = ¢ and the formula (£ + ky)? = >, ()&= (ky)” with
(j) = (jl) e (1]/:) yield the equation

v V1
: 1 P.i(y)dy
M) = [
dn’g(Oé) ly|>e ‘y|

where Pj(y) = > o<, <; () fi—Ae(|v)y” with f; = [, f(£)&dE. But Ag(|v]) = 0 for all
lv] < ¢, as is known, see Samko, Kilbas and Marichev [1], Lemma 26.1, which proves our
lemma. |

Corollary. Let f(x) satisfy the assumptions of Lemma 2.3 and let lim._o(D% f)(z) €
Li(R™; |z|V). Then

/ # (D8 f)(@)dz = 0,0 < |j| < .

The space of Riesz potentials

I%(Ly) = {f: f=1%, v € Ly(R")} (2.6)

is well studied, see Samko [1]-[2], [4] or Samko, Kilbas and Marichev [1], Theorem 26.8,
and characterized in terms of convergence of hypersingular integrals in the case p > 1. The
following is some counterpart of Theorem 26.8 from Samko, Kilbas and Marichev [1] for
p=1.

Lemma 2.4. 1) Let 0 < a<n or 0 < Ra <2 . Then

n

n—Ra’

I“(Ly) ={f(z): f(z)e Li+ L, Df € Ly} , s>

2) Let Rae > 0. The conditions

-~

f(z) € Li(R™) and |x|*f(z) € Wo(R")

are sufficient for f(x) to be in I*(Ly). If 0 < o < 00 or 0 < Ra < 2, then these conditions

guarantee the convergence of D f in the norm of the space Li(R™).
Proof. 1) The imbedding

n

n—RNa’

I“(Ly) C{f(z): f(z)e Li+ L, Df € Ly} , s>

is a consequence of the "only if” part of Theorem 26.8 from Samko, Kilbas and Marichev
[1] for p =1 (we observe that the ”only if” part is valid for p = 1 in that theorem) and of
the simple property I : Ly — L1+ Ls, s > —&—. The latter is easily obtained by splitting
the Riesz kernel k, () to its restrictions to |z| < 1 and |z| > 1.

To show the inverse imbedding, we notice that

(I*Df,0) = (f,0), p€P,

if f € L, and D% converges in L,,p > 1, ® being the Lizorkin test function space, see |
Samko, Kilbas and Marichev [1], which can be verified directly. Then f and I*D* may
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differ only by a polynomial, as is known, see for example, Samko, Kilbas and Marichev [1],
Subsection 25.1. But both f and I*D®f are in L; + Lg, so that they cannot ”contain” a
polynomial. Therefore, f € I%(Ly).

2) Let o = F~Yz|*f(z), which is in L;(R"), by the assumption. For any w(x) € ® we
have

(1p,) = (o.1%) = (F . 000 ) = (P2l P, o))

g (1) o)) = (1) = (1)

Hence I*¢p coincides with f as an element of the space ® . When a > n, this already
means that f € I*(Ly) in accordance with the definition of the space I*(L,) when a > 2.
If 0 < @ < n, to show that f and I*p coincide as functions, it remains to see that they
both ”do not contain” a polynomial. For f this is clear, since f € L;(R"), while for I%p
with ¢ € L; we should refer to the weak-type estimate

N c e
22 (1) @) >t < e (Sllell) ™

known for the Riesz potentials, see Zygmund [1].
The inclusion f € I*(L;) having been obtained, the convergence of D*f in L; is then
a consequence of the ”only if” part of Theorem 26.8 from Samko, Kilbas and Marichev [1].

|
Corollary. The intersection

{f(x): f(z)e Ly +Ls,}ﬂ{f(x) : D*f converges in Ly}

does not depend on s > ——(0 < a < n or 0 < Ra < 2).

n—Ra

III. Ideas leading from hypersingular constructions to
the method of AIO

Keeping in mind that the hypersingular integral of the form (1.6) is interpreted as the limit
of the truncated integrals as in (1.3)-(1.4), we rewrite (1.6) in the form

(AL f)(@)

dy , 3.1
ly["+e (3.1)

Dgf =lim [ x(y)2y)
€— Rn

where x.(y) = Xr\B(0,)(¥) is the characteristic function of the exterior of the ball B(0,¢) =
{y € R" : |y| < €}. The first question arising is whether it is possible to use any other
truncation different from the spherical one. That is, may one take

Xe(y) = XR™\G. (y),
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where G is an arbitrary small neighbourhood of the origin, which tends to it when € — 07
The question of equivalence of this approach to the case of the spherical truncation is not
trivial since we deal with a non-absolute convergence of the integrals. In Emgusheva and
Nogin [1]-[2],[5] it was shown that in the case Q(y) = 1 the convergence in (3.1) does not
depend on the choice of the sets G, > 0 under the only assumption that

g%yczeﬂm:o

for any compact set K C R" (within the framework of the spaces L§ (R"), see Samko
2],[4] or Samko, Kilbas and Marichev [1] for these spaces).
We may go further and, instead of the truncation by means of the characteristic function

€

Xe(y), take, for example, a smooth truncation” pu (\y|> , where p(r) € C°(RL), u(r) =0

near the origin and u(r) = 1 for r > 2 - see Alisultanova and Nogin [1]-[3], where not only
smooth such variable truncations were dealt with in the framework of the spaces Ly, (R")

On the other hand, the hypersingular integral (1.6), in case of homogeneous character-

istics Q(y) = Q (éT) may be represented in terms not involving finite differences:

oy 1 Qy)fte—y) o 1 y
s = tin [ )=y = o [ o (2) s —nan . 32

where mq(y) = Q(y)|y| " when |y| > 1 and m,(y) = 0 when |y| < 1, if Q(y) satisfies the
conditions

| oz =0, 1<

(compare this with the equalities (3.4) and (4.4) below). See a study of hypersingular
integrals in the form (3.2) under the latter condition on ©(c) in Nogin and Samko [1] and
2].

The next natural step is to consider modifications of the hypersingular integral in the
form

lim . Gy, €)f(x —y)dy , (3.3)

where the kernel ¢,(y, €) has a singularity of the type |y|++a typical for hypersingular in-
tegrals when e = 0, but is "nice” when € > 0. Thus, we avoid usage of finite differences,
but already do not try to represent the limit (3.3) as an integral which converges even if
non-absolutely. Naturally, there may be a large choice for the kernels q,(y, €) and under
different choices of these kernels we may get these or those hypersingular integrals. We shall
consider the constructions (3.3) in this Section, the main strategy being the realization of
the operators inverse to potential type operators, in the form (3.3).

Since the Riesz potential operator is a convolution with a homogeneous kernel, it is
natural to look for an approximative inverse operator not in the general form (3.3), but in
the form

1 1
1yt =t [ (Y) e =y =tin < [ aie—ay. 64
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as in (3.2).

IV. General requirements to the kernel ¢,(y)

While choosing the kernel g,(y), we wish to have it sufficiently nice, at least integrable
over R":

do(z) € L1(R") (4.1)

and, at the same time, such that the limit in (3.4) gives the real inverse of I%. We can
rewrite formally the relation (3.4) in Fourier transforms as

FI(1)7 ] = i Ga(c€)Fl€)

Therefore we may try to look for g, (z) via the relation

I
E_QQa(Eé) - ’§|a
as € — 0, by (2.2). This is equivalent, in a sense, to writing

1a(8) = [E°K(E) (4.2)

where lim¢_, IC(§) = 1. In other words, we can take an arbitrary "nice” function K(&) which
vanishes at infinity rapidly enough and has I(0) = 1, and get the kernel g, (z) € L (R").
But we should keep in mind that we are interested in obtaining g, (x) in an explicit and
constructive form, preferably as an elementary or well-known special function.
Lemma 4.1. Let
¥ qa(y) € Li(R"),0 < |j| < Ra . (4.3)

Then the condition

/ Yaaly)dy =0, 0<|j| < Ra . (4.4)

is mecessary and sufficient for existence of the limit (3.4) on nice functions f ( € S, say).
Proof. It suffices just to use the Cauchy-L’Hospital rule in the second equation in (3.4).
|
As we know, F(D*f) = |z|*f(x) ,

Passing to Fourier pre-images in (4.2), again formally, in view of (2.2) we can write
Gol(z) = D%(2) , (4.5)

where k(z) = (F~'K)(z), and
/ k(z)de =1 . (4.6)

Hence we arrive at the following conclusion.



Conclusion 4.2. The limit (3.4) coincides with D*f, which is the real inverse to 1%y,
only if the kernel qn(x) has the form (4.5) with k(x) satisfying the condition (4.6). In
other words, the kernel q,(x) which we may take in (3.4), should be the Riesz fractional
deriwative of an identity approximation kernel.

We expect also that under a concrete choice of ¢,(x) we shall encounter the property
c 1 sin F

I s R Ny (.7

qa(fE) ~ ‘x’nJra

as |x| — oco. Indeed, by (4.2),

) = g [ () .

and, since K(0) = 1, this formally yields (4.7) by (2.1).

Let us note that the conditions (4.3) used above, are in evident agreement with (4.7).

The following lemma shows that the kernels of the form (4.5), in general, automatically
posess the property (4.4).

Lemma 4.3. Let k(z) € L1(R") and x7k(z) € Li(R") and let k(x) have the Riesz
derivative Dk (z) = hmﬁo D%k(x). If, besides this, qu(x) = D*k(x) itself satisfies the
condition (4.3), then the equatzon (4.4) is satisfied.

Proof. It suffices to refer to Corollary of Lemma 2.3 [}

For further goals we find it convenient to introduce the following

Definition 4.4. The identity approximation kernel k(x) is called admissible for the
inversion of the Riesz potential operator 1<, if

k(z) € Li(R") () I%(L1) . (4.9)

V. The construction (3.4) as the inverse operator to
I on I*(L,)

First of all we show that the construction (3.4) converges on nice functions.
Theorem 5.1. Let k(x) € Li(R™) be an arbitrary identity approzimation kernel ad-
missible in the sense of Definition 4.4. Then

. 1 y a
i [ (Y) s -y =pr 5.1)
e € Rn €
(BC(RM))
for any f € WZ(R™),m > «.

Proof. Firstly, we observe that D f exists for f € WZ(R"), m > «, and is in BC(R"),
by the properties of hypersingular integrals, see Samko [4] or Samko, Kilbas and Marichev,
Subsection 26.2. We have

1 @ a
= [ (D) se—nay= [ K@Dty — ., @6 62)
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where we have used Lemma 2.2 and the fact that k(z) is the identity approximation kernel.
[

Theorem 5.2. Let k(z ) be any admissible identity approzimation kernel and let f(x) =
I%, ¢ € Ly(R"),1 <p < 5. Then

iy E,}M | 0o (%) ste = vy = ela), 53

(Lp)

where qo () is the function (4.5). If, also qo(x)(1 + |z])° € Li(R™), for some § > 0, then
(5.8) holds in the case p =1 as well. If k(x) has a radial decreasing majorant in Li(R"),
then the almost everywhere limit may be also taken in (5.3).

Proof. Let ¢ € S first. Then we have the equality written in (5.2), that is ,

en%ra /Rn o (%) flx —y)dy = /n k(y)p(x —ey)dy , (5.4)

which can be also easily verified via Fourier transforms since p € S. We wish to extend
this relation to the case of functions ¢ € L, , seeing that S is dense in L,(R"). We may
take € = 1 and observe that (5.4) is nothing else but

Gax [0 =1% % . (5.5)

It remains to show that both the left- and right-hand side of (5.5) are operators bounded,
with respect to ¢, from L, into Lq,% = % — %,p > 1. The case p = 1 is to be considered
separately. The left-hand side of (5.5) is obviously (L, — L,)-bounded since g, € Ly. For

the right-hand side of (5.5) we have

I x @ = I%(qa * ) , (5.6)

which is obvious on nice functions and is extended to ¢ € L, since both ¢, and I%q, are
in Ly. Therefore, by (5.6), the right-hand side of (5.5) is (L, — L,)-bounded as well.

Let p = 1. By (5.6) and (2.5), the right—hand side of (5.5) is bounded from L;(R") —
Loy = Ly(R™ (1+|z])™),1 < ¢ < ==, X > n— (n— Ra)q. As for the left-hand side, it is
not hard to check, using the Minkowsky inequality, that the assumption g, (z)(1 + |z])° €
Ly(R™) guarantees existence of ¢ € [1, -

—2—) and A > n — (n — Ra)g such that g, * [*p is

(L1 — Lgy)-bounded (taking § < Ra, one may choose ¢ = —2 )

The above boundednesses enable us to have the equality (5. 4) for all p € L,(R"), 1
p < .. Having (5.4) for ¢ € L, it suffices to use the fact that k(z) is an 1dent1ty
approximation kernel with the reference to the known properties of such kernels, see Stein

[1], Chapter III, Subsection 2.2, Theorem 2. |
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V1. Approximative inverse operator under the choice
k(r) = P(x,1)

We begin with the choice ¢,(x) = Dk with k(z) = P(z,1), where P(x,t) is the Poisson
kernel

N I (ndt
Pl,t)= ———75, Cu= (nfl) , (6.1)
(e +2) =

so that IC(€) = el in (4.2). The main reason for this choice is just the fact that P(x, 1) is
a famous identity approximation kernel. This choice for the application of the method of
AIO was made in Zavolzhenskii and Nogin [2], but for reader’s convenience we present here
the main result from that paper with proofs, which are somewhat simplified. Under this
choice the kernel ¢, () proves to be a special function, the Gauss hypergeometric function
(which can be expressed in terms of elementary functions in case of odd n). But below
in Section 7 we show that it is possible to make a choice which is opposite in a sense: we
may choose K(x) not an elementary function, but such that g, (z) proves to be a very nice
elementary function. In other words, as was already noted in Introduction, we may achieve
simplicity of the inversion not in the Fourier transforms, but directly, not caring about the
picture we can have in Fourier transforms.

We start from the consideration of properties of the function ¢,(z) = D*P(z, 1).

Lemma 6.1. The formula is valid

T 1
o (Pa) = 0 ) = T (M0 TR ) e
2

where Ra > 0 and F(a,b;c; z) is the Gauss hypergeometric function.
Proof. The first equality in (6.2) is a consequence of (2.2) and the fact that P(-,t) =
e "€” . To get the second one, we use the Bochner formula (2.3) and obtain

1 <,
F! |§|a€—|£\ = n—/ pz e Jn_ (plx|)dp .
( ) (2m)aT (2) Jo 2!
It remains to apply the formula N 6.621 in Gradshtein and Ryzhik [1] to the integral in
the right-hand side. [ |

Lemma 6.2. The function

4alr) = QHFEZ;F“(%) F (” tanror s —|:v|2) . Ra>0,  (63)
is in L1(R") (Co(R") and
o (@)] < AL+ [2) "7 (6.4)
Proof. We have
€% e Wh(R") (6.5)
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by Lemma 2.1, if ®a > 0. Hence q,(z) € L1(R") as the inverse Fourier transform of this
function. Since also [£|*e~ll € Li(R™), we have q,(z) € Wo(R") C Co(R™).
From the transformation formula

F(a,b;c;z) = %(—1)(12_“}7 (a,a +1—ca+1-—0b; %)
I'(e)l'(a —0b) b . . 1
O R COSRIEAREEE)

for the Gauss function (Gradshtein and Ryzhik [1], N 9.132), the estimate (6.4) is easily
derived. |
Below in this Section we write ¢, (|x|) instead of ¢, (x) without danger of confusion.
Remark 6.3. In case of the space of odd dimension, n = 2k + 1,k € Ny, the function
qa(r) is an elementary function:

1+ a) d*

Qa(r>: 2WnT+1 Ak [( +\/_> =l 4 ( \/E>_a_1}

In particular, in the cases n =1 and n = 3, we have

I'l+a) I'(1+ «)cos[(1 + a)arctg r]

olr) = L4ir) 4 (1 —ir) 7] =
dar) = =5 [+ i) ()] it
and
T2+ a) oo N ['(2+ a)sin[(2 + a)arctg r]
o(r)=—i——= (1 + aTE—(1- G == — ,
Galr) = i 8m2r (A +ir) (=i Am2r(1 + r2) 5"
respectively.

Indeed, (6.6) follows immediately from the formula (7), page 71 (Russian edition) in
Erdelyi et al [1] and the equality 15.19 in Abramowitz and Stegun [1].

Theorem 6.4. Let 1 < p < . The inversion (5.3) of the Riesz potential operator
holds under the choice (6.3) of qo(x).

Proof. We have ¢,(x) = D%k, k(x) = P(x,1) and by Theorem 5.2, it suffices to show
that the kernel k(z) is admissible, that is, satisfies the condition (4.9). Evidently, P(z,1) €
Li(R™). Also, P(x,1) € I*(Ly), by Theorem 2.4, the condition ’SE‘O‘E(Z') € Wy of Theorem
2.4 being fullfilled by (6.5). It remains to note that the condition P(z,1)(1+]z])° € Li(R")
of Theorem 5.2 is also satisfied

Corollary. The Laplace operator may be approximated by integral operators in the
form

(D
Af = 2T % HO 62 ) (x —ey)dy , (6.7)
_ 1 _ _n43
where v(y) = R (3 1+|x|2> :
Indeed, for a = 2 from (6.3) we get ¢2(z) = %v(m) by means of the Gauss
T2 3

recursion formula 9.137.17 from Gradshtein and Ryzhik [1] for hypergeometric functions
and the relation F(a,b;b;z) = (1 —2)™*
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Remark 6.5. Taking k(z) = W(x,1) , where W (z,t) is the Gauss- Weierstrass kernel,
instead of the Poisson kernel, we obtain the corresponding kernel q,(z) in the form

Ty (ntan P
%(@—mlﬂ( 5 g 4> : (6.8)

where 1Fy(a;b;2) = >, “)’“2—, is the confluent hypergeometric function.
Indeed, (6.8) may be obtamed by means of the formula N 6.631.1 in Gradshtein and

Ryzhik [1].

VII. Approximative inverse operator under the direct
choice of ¢,(x)

Now we pass to the idea mentioned in Introduction and at the beginning of Section 6. We
look for the answer to the question: can we choose by ourselves some simple elementary
function g,(z) which fits the inversion (5.3), not caring about how complicated might
be its Fourier transform. (Before, on the contrary, we wrote a prescribed simple Fourier
transform of ¢, (z) and then calculated g, () itself). The direct search of ¢, (x) is restricted
by the conditions (4.4) and (4.7), which are necessary in a sense. An immediate idea to
satisfy both these conditions in a very simple manner, at least, in the case 0 < Ra < 2, is
to take
1 1 A

W= A e G (1)
which surely satisfies the requirement (4.7) and we certainly can determine A in such a
fashion that (4.4) is satisfied for j = 0, the latter being sufficient in the case 0 < Ra < 2,
since q,(z) is radial. Direct easy calculations provide

A:n+a'

(7.2)

«

And we shall show that this choice (7.1)-(7.2) does work !
In the case o > 2 we may proceed in a similar way and consider the linear combination

qo(x — 7.3
ZO 1+ |Qj" + 1k ( )

instead of (7.1). The choice of the Ay will be dictated by the conditions (4.4) and (4.7).

Naturally, just to find coefficients is not enough. In accordance with Theorem 5.2, we
should prove that under our choice of g, () the condition k(x) = I%q, € L1(R"™) is satisfied,
which will be the main point.

13



It is known that

2 (%) (20" C(€) | (7.4)

L+ |z2)3
where G, () is the Bessel kernel,
P25 Koa(fal)
m2(S)  |zf"2"

Go(z) = (7.5)

So, the study of the function (7.3) will be closely connected with properties of this
kernel.

The following lemma is crucial for our goals. It gives some remarkable recursion relation
for the Bessel kernels G ().
Lemma 7.1. Let —n < Ra < n+2m. Then

Z amk n+a+2k(€) - <_1)mam(a>’£‘aGn+2m*a(£) ) (7'6)

k=0

where

amk(a):a(a—2)~--(a—2m—|—2k+2)(n+a(n+a+2)--~(n+a+2k—2)(m> =

k
[e] nta
k)T ()T (2 —m+k+1)
and F( )
=2 4+m
am(a)_mea 2n ~
r(5)

Its particular cases for m =1 and m = 2 are, respectively,

gl-oT (n5a 4
aGn+a(§) - (n + a)Gn+a+2(£) = - (n—za il ) |§|aGn+2—a(§) (78)

I (=52)

and
o0 = D) Craal€) = 20(n + 0)Grrasa(€) + (0 + @)+ + 2)Crsara(€)

- T Gt (7.9)

Proof. Let us agree to write G14(|¢]) = Gpnia(r) instead of G40 (€) By (7.5) we have
2l-n=3

Ghialr) = r(nm)rff(% (r) . (7.10)

For the McDonald function K, (r) the recurrence relation
r [K,,H(r) - K,,_l(r)] = 2K, (r) (7.11)

14



is well known, see Gradshtein and Ryzhik [1], N 8.486.10. We wish to extend this to

m—1

P Ko (r) = K1) = 30 (1) b ()1 Ko (r) (7.12)

7=0
with explicitely calculated coefficients b,,(j). It proves to be that

(1)
M'v+j—m+1)°

(m

(7) j

The relation (7.12)-(7.13), valid in the case m = 1 by (7.11), will be proved by induction.

We suppose that (7.12)-(7.13) is valid for some number m and all values of v. Taking the
left-hand side of (7.12) of order m + 1, we represent it as

)V(z/—l)...(u+j—m+1)—F(u—i—l) (7.13)

P K1 (1)~ Ko 1 ()] = 170 | K ()= K ()| 4007 [ Kot (1) = Koy n(7)]
(7.14)
Since (7.12)-(7.13) is assumed to be valid for all v, we may use it in the second term in the

right-hand side of (7.14) with v replaced by v — 1, while the first term may be treated by
the formula (7.11), with v replaced by v + m. As a result we obtain

m—1

i Kyyma(r) — Kv—m—l(r)} =2r"(v+m)Ky1m(r) +7 Z(_l)m_j_lcjiju—l—i-j(r) 5
j=0
where we have denoted
v4+j—m

=2 ()0 )2 ) = b ()

] 14

for brevity. Lifting the order of the McDonald functions in every term in the sum > " i 0 )
after easy calculations we arrive at the right-hand side of (7.12) exactly for the order m+1.
The formula (7.12) being proved, to get (7.6), it remains to choose v = < in (7.12) and
calculate MK, ;(r) = r_%r%”K%H(r) in terms of G, 4q42; according to (7 10); in the
right-hand side of (7.12), we replace similarly v K, _,,(r) = r%rm’%Km,%(r). After easy
calculation of constants we arrive at (7.6). |
Corollary. Let 0 < Ra < 2m,m =1,2,... Then

2m—a - Vi k()
D — | = - (7.15)
((1 + [z[?) ) Z oz

<1+ j)2) "R

m—a (M F<m_1_g>r(nia+m+k . ;
where v () = 22" () = rme Sypagmy s o particular,
Do 1 B 21 °F (%52 +1) 2—« . n+2-«
(14 |22)"%" I (%52) (14 |2 2 (4 [af2) =2

0<Ra<?2.

15



Indeed, when Ra > 0, obviously, G,1a(§) € Wy(R"). Passing to Fourier transforms in
(7.6) according to (7.4) and changing « to 2m — «, we arrive at (7.15).

It is clear that Lemma 7.1 paves the way to construction of the kernel g,(z) in the
simple form (7.3).

Lemma 7.2. Let 0 < Ra<2m,m=1,2,3,... ,a # 2,4,6,... Then the kernel

~y Sz’;k (7.16)
(1+ |a:| o+ rx|

1
(") =

with

Cok = (7;;) (a(i% (7.17)

§-—m+1),
is equal to D*k , where k(x) is an identity approximation kernel satisfying the admissibility
condition (4.9).

Proof. The relation (7.6) prompts us to look for ¢, (x) via Fourier transforms, since the
right-hand side of (7.6) includes |¢|* = F~'D*F . So we choose q,(£) as

)\ Z am k n+a+2k (5) 9 (718>
k=0
where A is to be determined from the condition |§|’O‘Q\a(§)’ =1, that is, A\(—=1)™a,,(«)

Griom—o(0) = 1. Tt is known that

Then, passing to Fourier pre-images in (7.18), we arrive at

qa(:v):QoT( 3) Z ()F(F(%Hﬂ) IM . (7.19)

w2l (m— §) < §—mAk+1) (14 |zf2) 2t

Easy calculations with the properties of the Gamma function taken into account transform
this to (7.16). It remains to show that that the function k(x) = I%q, satisfies the condition
(4.9). Due to the way in which we constructed the function ¢,(z) via (7.18), we have from
(7.6):

k(&) = AM(—1)"am(a)Griam-al§)

so that
const

- (1 + [z[2)nr2m—a

€ L1 (Rn)

16



since faw < 2m. To check that k(z) € I*(L;), we have to verify that \§|O‘§(§) € Wo(R"™) ac-
cording to Lemma 2.4. This is satisfied since |£|*k(§) = > -y ckGrrar2r(§) € Wo(R™). |
Theorem 7.3. Let 0 < Ra < 2m, m=1,2,... ,a # 2,4,6,... Then the inversion of

the Riesz potential operator f = I%p, ¢ € L,(R"),1 < p < 5=, can be written in the form

1
p(r) = ——— lim

1
Yu(—0) &0 J AWy, e)| Sz —y)dy (7.20)

(ly* +€?)

where

y7€ = - n+a
S g )

With ¢y givenin (7.17). The limit in (7.20) exists in the usual sense, if f(x) € WY (R"), N >
Ra, and in the sense of L,-convergence or almost everywhere, if f € I%(L,).

Proof. In view of Lemma 7.2, Theorem 7.3 follows immediately from Theorems 5.1 and
5.2.

Corollary. Let 0 < Ra < 2. The inversion of the Riesz potential operator I may be
taken in the form

1 _n+1 €
> (lyl* +¢2)

ey | f@—ydy, (7.21)
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