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ABSTRACT
This paper discusses automated selection of estimation of
distribution algorithms for problem solving. A specific
method inspired in the parameter-less GA is proposed.
Other alternatives are also briefly mentioned as promising
research directions to address the problem.

Categories and Subject Descriptors
I.2.8 [Artificial Intelligence]: Problem Solving, Control
Methods, and Search

General Terms
Algorithms, Performance

Keywords
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1. INTRODUCTION
As opposed to other evolutionary algorithms (EAs), esti-

mation of distribution algorithms (EDAs) don’t use explicit
variation operators such as crossover and mutation. Instead,
they learn a probabilistic model from a set of promising so-
lutions, and use the resulting model to predict where other
good solutions might be. EDAs are also sometimes referred
to as Probabilistic Model-Building Genetic Algorithms (PM-
BGAs) and have been used efficiently in solving problems
where traditional EAs perform poorly [28] [14] [18].

EDAs can be classified into different classes depending on
the type of probabilistic models that they can build [24].
The most simple EDAs use univariate models which treat
the decision variables of an optimization problem as inde-
pendent variables [13], [1], [19], [11]. Bivariate EDAs on
the other hand allow probabilistic models that can capture
pairwise dependencies between variables [5], [2], [27]. Multi-
variate EDAs are the more complex ones and can capture an
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arbitrary number of dependencies among decision variables
[9], [23], [22], [7].

EDAs based on univariate models are the simplest ones
and don’t include structural learning. They have been
shown to be operationally equivalent to simple GAs with
uniform crossover [11]. The more complex EDAs do include
structural learning which can be based on learning chain de-
pendencies, tree dependencies, and more general factoriza-
tions such as Bayesian Networks or Factor Graphs. These
more complex EDAs use Machine Learning techniques to
learn the structure of the problem. It is therefore not surpris-
ing that these algorithms can outperform traditional EAs
that rely on fixed operators, and which may not respect
important (unknown) dependencies among a problem’s de-
cision variables.

There is a cost, however, when using these EDAs as op-
posed to simpler evolutionary methods. Learning the struc-
ture of the problem is a time consuming operation which
is typically done at every generation of the algorithm. (In-
deed, a lot of the latest research work in the area of EDAs
has been conducted in order to try to enhance the perfor-
mance of EDAs from that perspective. Examples include
paralellization of the model building phase [20], model build-
ing relaxation [6], and incremental [7] and sporadic model
building [29].) For many problems, the extra effort required
by the model-building phase of an EDA can be well worth
it. But for other (simpler) problems, it is likely to be unnec-
essary. Given an optimization problem, the choice of which
EDA is the most appropriate for the problem at hand is an
interesting question. The general recommendation is to use
a univariate EDA for simple problems, a bivariate EDA for
somewhat more difficult problems, and a multi-variate EDA
for the most difficult ones [21].

The major problem from a practitioner’s point of view is
that problem difficulty is difficult to estimate. In a typical
scenario the user has no idea of how difficult a problem is,
and therefore, no idea of what kind of EDA should be used
in the first place. The solution to this dilemma is generally
solved by trial and error: Try a univariate EDA first and
if not happy with the results, try a bivariate EDA. If still
not happy try a multi-variate EDA. To make matters worse,
this trial-and-error procedure gets compounded as the per-
formance of a given EDA depends on its parameter settings.

In this paper we present some ideas that can be used to
automate the trial-and-error way of selecting an EDA for
a given problem. The idea is to design a meta algorithm
that rationally decides which EDA is best for the problem
at hand as the search progresses. This can be achieved by



using techniques similar to those that have been used for
adaptation of parameters in evolutionary algorithms [17].

The paper is organized as follows. The next section dis-
cusses related research, section 3 presents a method inspired
in the parameter-less GA that can be used to automate EDA
selection, section 4 briefly mentions other promising research
directions, and section 5 summarizes and concludes the pa-
per.

2. RELATED WORK
This section discusses related research. In particular, we

give a brief description of hyper-heuristics, describe recent
work by Santana et al. [30] on adaptive EDAs, and review
the parameter-less GA technique for automating population
size.

2.1 Hyper-Heuristics
Different heuristics may have different strengths and

weaknesses, therefore some researches argue that it makes
sense to try to combine them in some way in order to get
the best features of each individual heuristic. According to
Burke et al. [3], “The strength of a heuristic lies in its ability
to make good decisions on route to fabricating an excellent
solution. Why not, therefore, try to associate each heuristic
with the problem conditions under which it flourishes and
hence apply different heuristics to different phases of the so-
lution process?” This observation is one of the main reasons
that led to the development of hyper-heuristics.

A Hyper-heuristic (HH) [3] is a heuristic that operates on
a search space of heuristics. In its simplest form, a hyper-
heuristic is a heuristic to choose among a fixed number of
heuristics. It can be seen as a kind of meta-algorithm that
operates at different levels. At the lower level there are spe-
cialized heuristics tailored to a given application domain.
At a higher level there is another heuristic that is concerned
with the selection of an appropriate lower-level heuristic as
the search takes place. Hyper-heuristics are typically more
complex at the high-level than at the low level. For example,
it is often the case that the low level heuristics are simple
methods specialized for a given problem domain. At the
higher level, however, it is common to find meta-heuristics
such as Genetic Algorithms, Genetic Programming or Learn-
ing Classifier Systems.

A more recent trend in hyper-heuristics’ research is con-
cerned with heuristics that generate heuristics. As opposed
to methods that automatically select heuristics from a pre-
defined set, this new trend aims at generating new heuristics
by combining components of existing heuristics. This new
approach has been mainly addressed with Genetic Program-
ming [4].

In either case, the main motivation of the hyper-heuristic
approach is to raise the level of generality of optimization
methods, allowing them to produce good solutions in a wider
range of problem domains. The same motivation is present
in our work. By automating EDA selection, we aim at rais-
ing the level of generality in which EDAs can be applied,
allowing them to produce good solutions across a wide range
of domains. The topic of EDA selection shares similarities
with the work on hyper-heuristics in the sense that both are
meta-algorithms concerned with choosing among different
search methods as the optimization takes place.

2.2 Earlier work on Adaptive EDAs
Santana et al. [30] have recently proposed a framework

for introducing adaptation in EDAs. The authors recognize
that although EDAs are more flexible than regular EAs due
their ability to autonomously learn a problem’s structure,
the class of probabilistic models is usually fixed for the en-
tire run. They suggest that EDAs could gain additional
flexibility by being able to also adapt the class of probabilis-
tic models that they are allowed to learn, as well as adapt to
the methods used to learn the probabilistic models as well
as the sampling strategies.

Santana et al. recognize that many of the things that can
be adapted in EAs can be applied directly to EDAs with
very little or no change (e.g. adaptation of population size,
selection and elitism parameters) and have therefore focused
on those things that are specific to EDAs (class of probabilis-
tic model, methods used for learning them and the sampling
strategies). They then proposed a generalized EDA that in-
cludes different types of probabilistic models, learning and
sampling methods. The generalized EDA is shown in Algo-
rithm 1.

Algorithm 1 Generalized EDA proposed by Santana et
al. (2008)

1: t← 0. Generate M points randomly.
2: repeat
3: Select a set S of N ≤M points according to a selection

method.
4: Learn an undirected-graph-based representation of

the dependencies in S.
5: Using the graph, determine a class of graphical models

or approximation strategy to approximate the distri-
bution of points in S.

6: Determine an inference algorithm to be applied in the
graphical model.

7: Generate M new points from the model using the in-
ference method.

8: t← t + 1
9: until Termination criteria are met.

The generalized EDA is allowed to use a different class of
probabilistic models at each generation. The choice for the
class of models depends on the complexity of the dependen-
cies learned in step 4. For example, if the graph only detects
very few dependencies, it may make sense to limit the class
to univariate models only.

The proposed approach however needs to learn the graph
of dependencies at every generation, and that by itself can
be a time consuming operation that we would like to avoid,
if possible.

2.3 Parameter-less GA
The parameter-less GA introduced by Harik and Lobo [10]

was developed with the assumption that solution quality
grows monotonously with the population size. Based on that
observation, Harik and Lobo suggested a scheme that simu-
lates an unbounded number of populations running in “par-
allel”with exponentially increasing sizes. Their scheme gives
preference to smaller sized populations by allowing them to
do more function evaluations than the larger populations.
The rationale is that all other things being equal, a smaller
sized population should be preferred.
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Figure 1: The parameter-less GA simulates an un-
bounded number of populations. In the example,
the algorithm’s state contains three populations of
size 4, 8, and 16. Notice that smaller populations
are allowed to do more generations than larger pop-
ulations. The numbers inside the rectangles denote
the sequence in which the generations are executed
by the algorithm.

Initially the algorithm only has one population whose size
is a very small number N0. As time goes by, new popu-
lations are spawned and some can be deleted (more about
that later). Thus, at any given point in time, the algorithm
maintains a collection of populations. The size of each new
population is twice as large as the previous last size. The
parameter-less GA does have one parameter (although Harik
and Lobo fixed its value to 4). That parameter (call it m)
tells how much preference the algorithm gives to smaller
populations. Specifically, it tells how many generations are
done by a population before the next immediate larger pop-
ulation has a chance to do a single generation.

An example is helpful to illustrate the mechanism. Fig-
ure 1 depicts an example with m = 2. Notice that the
number of populations is unbounded. The figure shows the
state of the parameter-less GA after 14 iterations. At that
point, the algorithm maintains three populations with sizes
4, 8, and 16. Notice how a population of a given size does
m = 2 more generations than the next larger population.
In the figure, the numbers inside the rectangles denote the
sequence in which the generations are executed by the al-
gorithm. The next step of the algorithm (not shown in the
figure) would spawn a new population with size 32.

This special sequence can be implemented with a m-ary
counter as suggested by the original authors [10], and also
with a somewhat simpler implementation as suggested by
Pelikan and Lin [25].

In addition to maintaining an unbounded collection of
populations, the algorithm uses a heuristic to eliminate pop-
ulations when certain events occur. In particular, when the
average fitness of a population is greater than the average
fitness of a smaller sized population, the algorithm elimi-

nates the smaller sized one. The rationale for taking this
decision is based on the observation that the larger popula-
tion appears to be performing better than the smaller one,
and it is doing so with less computational resources (recall
that the algorithm gives preference to smaller populations).
Thus, whenever such an event occurs, Harik and Lobo hy-
pothesized that as a strong evidence that the size of the
smaller population was not large enough, and the algorithm
should not waste any more time with it. By doing so, the
algorithm maintains an invariant that the average fitness of
the populations are in decreasing order, with smaller sized
populations having higher average fitness than larger popu-
lations.

It has been shown that the worst case time complexity of
the parameter-less GA is only within a logarithmic factor
with respect with a GA that starts with an optimal fixed
population size [26].

Elsewhere, Lima and Lobo proposed the combination of
a parameter-less EDA approach with iterated local search
in an attempt to get the best of both methods [15]. The
motivation of that work is somehow similar to the one that
we have in the present paper in the sense that we would like
to avoid the cost of model building for those cases where it
is unnecessary.

3. AUTOMATED SELECTION OF EDAS:
A METHOD INSPIRED IN THE
PARAMETER-LESS GA

The most sophisticated EDAs are very flexible algorithms
in the sense that they adapt to the problem at hand by
building a probabilistic model that is able to capture the
structure of the problem. Nonetheless, there is a cost that
needs to be paid by these more complex EDAs when the
problem does not require structural learning: The EDA still
has to spend a non-negligible amount of time to draw such
a conclusion. In a problem with ` decision variables, at least
all

`
`
2

´
pairwise interactions need to be checked as candidate

dependencies. Assuming that the population size N = Ω(`),
that amounts to an overall complexity of Ω(`3). If possible,
we would like to avoid such a cost. One idea to achieve
that is to use a technique analogous to the one used by the
parameter-less GA.

3.1 Similarities with the parameter-less GA
The problem of automating the population size in genetic

algorithms has a strong resemblance with the problem of
automating the selection of an appropriate EDA for a given
problem. In the case of population sizing, it is reasonable to
follow the two major principles introduced by the parameter-
less GA:

1. Give preference to smaller populations by giving them
more function evaluations.

2. Eliminate a population if there’s a strong evidence that
it produces worse solutions than a larger sized popu-
lation.

Small populations should get preference because they re-
quire less effort than larger ones, and it is desirable that
an optimization algorithm reaches a good solution quality
with as little effort as possible. Likewise, with respect to
automating the selection of an appropriate EDA, it is also
reasonable to apply similar principles:



1. Give preference to simpler EDAs.

2. Stop using an EDA if there’s a strong evidence that it
produces worse solutions than a more complex EDA.

Not knowing what’s the best EDA to use, it is better
to give preference to simpler EDAs because they are the
ones that require less effort. But it is also important to
spend some time with more complex EDAs (just like the
parameter-less GA spends some time with larger popula-
tions). If at any point in time there’s is a strong evidence
that the simpler EDA is inferior to a more complex EDA,
then we should stop wasting additional time with the sim-
pler EDA (this is akin to eliminating a population in the
parameter-less GA).

3.2 Differences from the parameter-less GA
We can observe a strong resemblance between the

parameter-less GA and the method that we are suggesting
for automating EDA selection. There is a parallel between
population size and EDA class: Preference should be given
to simpler EDAs, just like preference should be given to
smaller populations in the parameter-less GA. But there’s
also a couple of differences between the methods. Specifi-
cally, for EDA selection,

• The number of EDAs is bounded, the number of pop-
ulations in the parameter-less GA is not.

• Preference has to be given in terms of absolute clock
time, not fitness function evaluations.

In the parameter-less GA, there is no maximum popu-
lation size. As long as there is computer memory and as
long as the user is not satisfied with the solution quality
obtained so far, the algorithm can create larger and larger
populations. With respect to EDA selection, the number
of EDA classes that we would like to explore is finite, and
is a relatively small number. To our minds, it seems rea-
sonable to have three kinds of EDAs: a univariate (such as
UMDA or cGA), a bivariate (such as MIMIC or BMDA) and
a multi-variate (such as ECGA, BOA, EBNA, or hBOA) 1.

With respect to the second difference, in the parameter-
less GA giving preference to smaller sized populations is
achieved by allowing them to execute more fitness function
evaluations than a larger population. That makes sense be-
cause fitness function evaluation dominates the overall pro-
cessing time of a genetic algorithm. In the case of EDAs
that may not be the case because the time spent on learning
a probabilistic model is not negligible. Therefore, a possi-
ble solution to this problem is to give preference to simpler
EDAs in terms of absolute clock time. In a concrete imple-
mentation, the algorithm could alternate between the EDAs
running each one for a little while, and giving more time
to simpler EDAs. For example, suppose we have 3 EDAs:
univariate, bivariate, multi-variate. The execution of the
algorithm would resemble the following loop:

1Since the time spent on model building in ECGA, BOA,
EBNA, and hBOA, is of the same order of magnitude, a
good choice of multi-variate EDA seems to be hBOA be-
cause it is able to solve more complex problems. An alter-
native would be to keep two multi-variate EDAs, for exam-
ple ECGA (which doesn’t allow overlapping variables) and
hBOA (which allows overlapping and hierarchical decompo-
sition).

loop
run univariate EDA for time α2 · T
run bivariate EDA for time α · T
run multi-variate EDA for time T

end loop

where α ≥ 1 is a parameter that tells how much more pref-
erence should be given to simpler EDAs. The univariate
EDA is allowed to run α more time than a bivariate EDA,
and the bivariate EDA is allowed to run α more time than
a multi-variate EDA. In practice, the value for T should be
large enough to allow the multi-variate EDA to do at least
one generation since it is not desirable to let generations half
done. Notice that the α ratio for the time allocation can only
be kept approximately, but that shouldn’t be a problem.

3.3 Configuration of individual EDAs
We have seen how time can be allocated in order to give

preference to simpler EDAs. But what about the configu-
ration of each EDA? The performance of an EDA (or any
EA) depends strongly on its parameter settings. For EDAs,
the most crucial parameter is the population size. For the
other parameters (selection pressure, replacement strategy,
and so on) both theoretical and empirical work show that
reasonable values can be chosen without affecting the over-
all time complexity of the algorithm. The population size
however is a crucial parameter, and can be responsible for
the EDA to be able to properly solve a problem or not. For-
tunately, automatically finding a good population size for
EDAs is something that has been successfully accomplished
by using the parameter-less GA technique itself [16] [25]. In
summary, we can run parameter-less versions of the EDAs.

3.4 When to discard an EDA
The final issue that needs to be addressed is how to decide

when an EDA should be eliminated. Said differently, what
constitutes a strong evidence that a simpler EDA is going to
produce worse solutions than a more complex EDA? The cri-
terion that we propose is inspired (again) in the parameter-
less GA technique:

• A given parameter-less EDA should be eliminated if
and only if its current best population has an aver-
age fitness lower than the average fitness of the best
population of a more complex parameter-less EDA.

An example should help the reader. Table 1 shows an hy-
pothetical state of the algorithm at a certain timestep. The
best performing population of the parameter-less univariate
EDA is the population sized 800 and its average fitness is 18.
The best performing population of the parameter-less bivari-
ate EDA is the population sized 200 and its average fitness
is 17. The best performing population of the parameter-less
multi-variate EDA is the population sized 100 and its aver-
age fitness is 15. In this example, our criterion for eliminat-
ing an EDA doesn’t hold: The best performing population of
the various EDAs are in decreasing order of average fitness,
with simpler EDAs performing better than more complex
EDAs (in the example: 18, 17, 15).

Suppose however that the average fitness of the best per-
forming population of the parameter-less bivariate EDA was
19 (instead of 17). In that case, the algorithm should elim-
inate the parameter-less univariate EDA. The rationale for
this decision is analogous to the one used when eliminating
populations in the parameter-less GA: The bivariate EDA is



Table 1: An example of the algorithm’s state at a
certain timestep. Three parameter-less EDAs are
maintained, each one keeps a total running time (in
the example α = 1.5). Each EDA maintains a col-
lection of populations, each at its own state of evo-
lution. In this particular example, there’s no evi-
dence that the parameter-less univariate EDA is a
bad choice. Its best performing population has an
average fitness of 18, better than the average fit-
ness of the best performing populations of the other
parameter-less EDAs. (t stands for total clock time
spent so far, N stands for population size, G stands
for the current generation number, and f̄ is the av-
erage fitness of the population.)

Algorithm t N G f̄

parameter-less univariate EDA 225

800 16 18
1600 8 17
3200 4 14
6400 2 5

parameter-less bivariate EDA
150

200 8 17
400 4 16
800 2 13

parameter-less multi-variate EDA
100

100 8 15
200 4 13
400 2 11

producing better solutions than the univariate EDA, and it
is doing so with less processing time; a clear indication that
the univariate EDA is not expressive enough to capture the
structure of the problem at hand.

In summary, what we are proposing is a kind of meta
parameter-less technique. At the higher level, an invari-
ant is maintained postulating that the average fitness of the
best performing population of each lower level parameter-
less EDA is kept is decreasing order. A skeleton of the pro-
posed EDA selection algorithm is shown in Algorithm 2.

Algorithm 2 A skeleton of the EDA selection algorithm
inspired in the parameter-less GA

1: loop
2: run parameter-less univariate EDA for time α2 · T
3: run parameter-less bivariate EDA for time α · T
4: run parameter-less multi-variate EDA for time T
5: eliminate parameter-less EDAs (if necessary) to main-

tain the invariant that the best performing population
of the various parameter-less EDAs are in decreasing
order of average fitness.

6: adjust T if necessary
7: end loop

The last step in the loop (adjust T ) is necessary to ensure
that T is large enough for the parameter-less multi-variate
EDA to run at least one generation of its largest population.
In practice, each EDA should keep a running count of the
total time that has been allocated to it since the beginning of
the run, and at every iteration of the loop the exact amount
of time allocated to each EDA can be adjusted to maintain
the α ratio as close as possible.

The loop can stop at any time whenever the user decides
that the solution quality obtained is good enough. Note
also that eventually it may happen that there is only one
parameter-less EDA maintained, in which case there’s obvi-
ously no need for an EDA selection algorithm.

3.5 Influence of the α parameter
The overhead of using the proposed automated approach

for EDA selection can be quantified by the ratio of the time
taken by the EDA selection algorithm over the time taken
by the “ideal” parameter-less EDA. We can easily calcu-
late those ratios for the worst case scenarios (corresponding
to the case when EDAs are never eliminated). Below, we
present the calculations for the 3 cases: (1) the ideal algo-
rithm is the univariate parameter-less EDA, (2) the ideal
algorithm is the bivariate parameter-less EDA, and (3) the
ideal algorithm is the multi-variate parameter-less EDA. Ta-
ble 2 shows the worst case overhead for a few sample values
of α.

Case 1: Univariate EDA is best

Overhead =
α2T + αT + T

α2T
= 1 +

1

α
+

1

α2
(1)

Case 2: Bivariate EDA is best

Overhead =
α2T + αT + T

αT
= α + 1 +

1

α
(2)

Case 3: Multi-variate EDA is best

Overhead =
α2T + αT + T

T
= α2 + α + 1 (3)

Table 2: Worst case overhead values for α =
{1.0, 1.5, 2.0}

Worst case overhead α = 1.0 α = 1.5 α = 2.0
case 1 3.00 2.10 1.75
case 2 3.00 3.20 3.50
case 3 3.00 4.75 7.00

In practice, the α parameter can be set based on the user’s
perceived idea of problem difficulty. If the user suspects that
the problem is hard and requires structural learning, then a
value of α close to 1.0 might be an appropriate choice. If on
the other hand the user suspects that the problem is easy,
then it might make more sense to increase the value of α.

4. EXTENSIONS
The proposed method inspired in the parameter-less GA is

a possible way to address the automated selection of EDAs,
but it is by no means the only way to do it. Another promis-
ing direction is to explore a mechanism similar to those used
for adaptive operator selection (AOS) [31] [8]. The idea
would be to use an EDA as if was an operator. Having a
fixed set of EDAs (again we could have parameter-less ver-
sions), each would be selected with a given probability to
run for a certain time period. The selection probabilities
would then be adjusted based on the performance of the
EDA. Note that in this approach the action of a given EDA



can interfere with the action of another EDA in the future.
In other words, the various EDAs would be operating on the
same population, whereas in the case of the proposal that
we make in section 3 the various EDAs are independent of
each other.

Another interesting line of work is to include non-EDA
search algorithms within the framework. For example, in-
stead of starting with a univariate EDA, it might be wiser
to start with a multi-restart hillclimber or an iterated local
search method. For many problems these methods are likely
to produce good solutions faster than any EDA can do. Like-
wise, we could include a GA with special purpose operators
or a GA together with local search, somewhere in between
the parameter-less univariate EDA and the parameter-less
bivariate EDA (or between the bivariate and multi-variate
EDA). This final observation is supported by the work of
Thierens [32] and Hauschild and Pelikan [12] that show that
GAs together with special purpose heuristics and/or opera-
tors, can sometimes be more efficient than complex EDAs.

5. SUMMARY AND CONCLUSIONS
This paper stresses the importance of automating the se-

lection of EDAs for problem solving. Although EDAs are
more flexible than standard EAs in the sense that the proba-
bilistic models that they learn can exploit a problem’s struc-
ture, it is also true that the cost of using complex EDAs may
not be worth if the problem that is being solved does not
require structural learning.

This paper proposed an approach inspired on the
parameter-less GA technique. An analogy was made with
the problem of automating the population size in EAs, and
it was argued that in the absence of knowledge about the dif-
ficulty of the problem, the technique that we propose should
be capable of discovering the correct EDA for a given prob-
lem. The discovery has a cost, just like discovering the ideal
population size for an EA also has a cost. The proposed
approach needs to be validated with computer simulations,
and we plan to do so in the near future.
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